We consider spin relaxation of finite-size spin chains exchanged coupled with a one dimensional (1D) electron gas at the edge of a Quantum Spin Hall (QSH) insulator. Spin lifetimes can be enhanced due to two independent mechanisms. First, the suppression of spin-flip forward scattering inherent in the spin momentum locking of the QSH edges. Second, the reduction of spin-flip backward scattering due to destructive interference of the quasiparticle exchange, modulated by k F d, where d is the inter-spin distance and k F is the Fermi wavenumber of the electron gas. We show that the spin lifetime of the S = 1/2 ground state of odd-numbered chains of antiferromagnetically (AFM) coupled S = 1/2 spins can be increased more than 4 orders of magnitude by properly tuning the product k F d and the spin size N , in strong contrast with the 1D case. Possible physical realizations together with some potential issues are also discussed.
Introduction
The study of both individual spins [1] [2] [3] and their engineered structures [2, [4] [5] [6] [7] [8] deposited on surfaces entails the interaction of these surface spins with the underlying electron gas of the substrate. These systems can be built and probed using an scanning tunnelling microscope (STM). Moreover, recent experiments [8] [9] [10] [11] show that single spin resonance experiments can be carried out with STM. However, in order to achieve coherent manipulation of the surface spins it would be necessary to increase the spin lifetime T 1 and spin coherence T 2 beyond the inverse of the Rabi coupling, a condition that is not met in these systems.
The spin lifetime of individual magnetic atoms is controlled by the electronic properties of the substrate, the surface spin system, and their exchange interaction, encoded in ρJ, where J is the Kondo exchange and ρ is the substrate density of states [12] [13] [14] . The enhancement of spin-lifetimes by reduction of either ρ or J has been has been explored in several systems, including heavy metal substrates with strong spin-orbit [15] , superconducting [16] or semiconducting [3] surfaces and thin decoupling layers, such as Al 2 O 3 on NiAl [1], Cu 2 N on Cu(100) [17] or MgO/Ag(100) [18] . Relaxation times for 3d atoms on metals range from the ps time scale for magnetic atoms directly on a conducting substrate [19] up to tens of ms [20] in the presence of a decoupling layer. In addition, the role of the symmetry of the adsorption site have been highlighted [21] [22] [23] [24] . This has permitted reaching the single atom limit bit by depositing Ho atoms on a MgO/Ag(100) surface [10, 23] with relaxation times exceeding hours observed.
Spin arrays offer additional routes to control their spin lifetimes, compared to individual spins on surfaces. For instance, transitions between the two ground states of magnetically ordered short spin chains, either ferro or antiferromagnetically coupled, are severely slowed down [6, 7] . A drawback of this approach is that it essentially relies on building larger objects for which decoherence is much faster. Therefore, larger T 1 comes at the expense of a much shorter T 2 . A second route for engineering the spin lifetimes of spin arrays is to take advantage of the destructive interference in the scattering between substrate quasiparticles and an ordered array of spins [25] .
More specifically, in a previous work [25] we found that spin relaxation of linear spin arrays interacting with a 1D electron gas has an oscillatory dependence on k F d. In this case, the spin relaxation has two contributions attending to the momentum transfer of the quasiparticle, forward and backward scattering, each of which has both spin-flip and spin-conserving processes. Here we propose to use the peculiar spinlocking of the quasiparticles at the edges of a Quantum Spin Hall [26] to enhance the T 1 in engineered spin chains. For the the edge states of the QSH insulator, spinconserving quasiparticle scattering is only possible in the forward channel, and spinflip scattering requires back-scattering. Therefore, this already reduces half of the scattering channels. The scope of this work is to show how spin-flip back-scattering can be further reduced, or even fully suppressed, by engineering k F d, either by atomic positioning (changing d) or by gating (changing k F ).
The quantum spin Hall phase was first observed in heterostructures of HgTe/CdTe [27] , following a prediction of Bernevig et al. [28] . Strong evidence of QSH phase has been found on heterostructures of InSb/GaAs [29] . However, the QSH edges are buried inside a heterostructure, making it almost impossible to carry out STM manipulation/deposition of magnetic atoms in these systems. Edge states have been observed with STM in atomically thin islands of Bi(111) [30, 31] , although there is still some controversy about the evidences of spin-locked edge states [32, 33] . Recently, the observation of the quantum spin Hall effect has been reported on a monolayer crystal of WTe 2 [34, 35] showing a robust topological phase up to 100 K [36] .
The interplay between local moments and itinerant QSH edge quasiparticles has been extensively studied theoretically [37] [38] [39] [40] [41] . Most of the previous works have focused on the impact of local spins, either magnetic impurities or nuclei, on the quasiparticle spin relaxation, which has a direct impact on the lack of conductance quantization: in the absence of spin-flip scattering, the conductance of QSH channels should be e 2 /h [26] . Experiments [27, 29, 34, 36] very often find smaller conductance values, which motivates the quest of spin-flip back-scattering mechanisms [29, 34] . There are in addition several proposals for the manipulation of nanomagnets and local magnetic impurities with the spin-transfer torque exerted by the fully spin-polarized current of QSH edges [42] [43] [44] . Here we focus on the relaxation and decoherence of the spin states of magnetic chains, putting special emphasis on the role of scattering interference. The rest of this manuscript is organized as follows. In Section 2 we describe the model Hamiltonian that describe the spin chain, the electron gas hosted at an edge of a QSHI, and their Kondo interaction. In Section 3 we revisit the expressions for the relaxation T 
System Hamiltonian
Let us consider a linear chain of N equidistant magnetic adatoms, with inter-atom distance d, deposited on equivalent atomic adsorption sites described by the spin Hamiltonian H chain = J H l S(l) · S(l + 1) + H Zeem where S(l) is the spin of the l-magnetic adatom. The first term accounts for the Heisenberg exchange coupling and the last one for the Zeeman interaction with an external magnetic field. We will focus our discussion on the simplest S = 1/2 case, and thus the magnetocrystalline anisotropy will not be discussed unless otherwise stated.
In the proximity of a conductor, the local spins suffer a Kondo exchange interaction with the conduction electrons [45] 
, where s( r l ) is the surface spin density evaluated at the position r l of the l-magnetic atom [13, 25] . Here we are interested in the case where the conductor is substituted by a chiral one-dimensional edge state.
Spin relaxation of local spins due to Kondo exchange with itinerant quasiparticles is governed by states in the neighbourhood of the Fermi energy. We model these states as left and right moving quasiparticles with linear dispersion k − F = ± v v k, where v F is the Fermi velocity. Taking into account the spin-momentum locking, we define the field operators
where L is the length of the edge and
,↑ are the left (right) moving fermion operators, with c † kσ the creation operator of a fermion in the edge channel with spin σ and momentum k. ‡. We assume that the quasiparticle spins have a momentum independent quantization axis, that we denote as the z axis. This assumption is met in the Kane-Mele model [26] , but in real materials it could fail. We can now write the non-interacting Hamiltonian of the QSH edge quasiparticles close to the Fermi energy reads as:
where v F is the Fermi velocity, which is the same for left and right goers on account of time reversal symmetry. Here the sum over k is restrained in a small window around k = 0 where the linear dispersion relation holds. A spin chain coupled to one edge state of a SHB can be described by the following Hamiltonian H = H chain + H edge + V K , where the resulting Kondo coupling has two different contributions,
and
where we have introduced the spin-ladder operatorsŜ ± = 1/2(Ŝ x ± iŜ y ). The first term V K corresponds to the spin-conserving Ising-like term. The second term will be responsible of the spin-flips. Importantly V K contains only forward scattering while V ⊥ K accounts for the backward scattering. ‡ With this notation, k > 0 states have k > F both for L and R fermions.
Relaxation and decoherence rates
We describe the dynamics of spin chains coupled to the conduction electrons on the edge states in the SHB within the Bloch-Redfield (BR) approach for open quantum systems weakly coupled to reservoirs [46] . This theory have been applied successfully to describe the inelastic electron spectroscopy [4, [47] [48] [49] , renormalization of the magnetic anisotropy [50, 51] and the dynamics [6, 7, 13, 21, 23, 25, 49] of magnetic adatoms deposited on a thin decoupling layer. Here we just applied the general expressions of the transition and decoherence rates presented in Ref. [25] particularized to the coupling terms (3) (4) . For simplicity we assume that the strength of the Kondo interaction J l is the same for all the atoms in the chain, i.e., J l = J. After a long but straightforward algebra, one can arrive to the following expressions for the transition rates
where F l−l (ξ) = cos (2ξ(l − l )) and S a M M (l) stands for the matrix elements of thê S a (l) spin operator in the |M -eigenbases of H chain , and
Here we have introduced the energy and temperature-dependent transition rate of a single spin S exchange coupled to an electron gas
where G(x) = x/(e β x − 1), with β = 1/k B T and k B the Boltzmann constant. There are two kind of scattering processes leading to decoherence. One of them is the so-called non-adiabatic decoherence, which is associated to population scattering and whose rate is given by [46] :
Even if population scattering is strictly forbidden (γ nonad. = 0), there can be a second source of decoherence, the adiabatic decoherence, associated to the loss of phase coherence due to scattering with the itinerant electrons. Following the method outlined in our previous work [25] , we obtain the adiabatic decoherence rate
Equations (5) and (8) are the central results of this work. In deriving these two equations we have assumed a constant spin-independent density of states around the Fermi level, ρ( ) = kσ δ ( − kσ ) ≈ ρ. In addition, we have approximated k( ) ≈ ±k F [49] . Importantly, both Γ M M and γ ad.
M M contains a spin conserving contribution (involving only S z (l)) associated to forward scattering, and a spin-flip contribution associated only to backward scattering.
We can always classify quasiparticle scattering, responsible of both T 1 and T 2 , in terms of the amount of spin exchanged with the spin chain, ∆S z = ±1, 0. In one dimension, we can fuether split quasiparticle scattering in two groups, according to the variation of quasiparticle momentum, ∆k ≈ 0, ±2k F , known as forward and backward scattering respectively. We have thus 4 types of scattering channels, listed in the table (1). Importantly, in the case of quasiparticles at the edge states of the QSH insulators, two of these four channels are forbidden, on account of the spin-momentum locking. This holds regardless of the properties of the spin chain. The rest of the discussion shows that, in addition, the spin-flip backward scattering can also be suppressed in suitably taylored spin chains. Table 1 . Quasiparticle scattering channels, leading to spin relaxation in the spin chains, in the edge of QSH insulator depending on the variation of the quasiparticle spin ∆Sz and momentum transfer ∆k.
Relaxation and decoherence of the spin-uncompensated Néel states
Let us consider an antiferromagnetic spin chain with an odd number of S = 1/2 spins, which yields a S = 1/2 ground state. The lowest energy states of these chains are staggered Néel-like states, where Figure  2 shows the relaxation time T 1 (N ) in units of the lifetime of a single spin coupled to a one-dimensional electron gas, T 1D 1 = 1/γ 1/2 (∆/ ), where ∆ = gµ B B. For completeness, we compare two chains with N = 3, 7 spins coupled to either a spinlocked electron gas, labelled with SHB, or to a normal one dimensional conductor. In all cases, T 1 (N ) are periodic functions of k F d, with period π. We find that, for all values of k F d, T 1 (N ) is larger for the spin-locked case than the normal 1D electron gas. This can be understood right away because, for the S = 1/2 doublet, T 1 (N ) entails a flip-flop spin interaction between the quasiparticle bath and the chain state. In the spin-locked edge states case, this is only allowed in the back-scattering channel, see equation (5) .
The most striking feature in figure 2 is the very large modulation of T 1 as a function of k F d, which is dramatically larger for the spin-locked reservoir. By choosing the right values of k F d, one can increase the relaxation time T 1 by more than 4 orders of magnitudes. This control could be achieved either by modifying the inter-spin distance, or by a gate voltage that could vary the Fermi level of the electrode. Notice that, from a practical point of view, changing either d or k the intrachain exchange J, an effect that will not be discussed here. Notice that spin chains of length N presents N − 1 maxima of T 1 (N ) in each period of k F d, with the maxima found when (k F d) −1 ∼ 2(N − 1)/π. These maxima in T 1 can be attributed to the suppression of spin-flip back-scattering due to destructive interference in the multiple back-scattering of the quasiparticle with the spin chain.
Let us now consider T 2 . The resulting decoherence times T 2 = 1/(γ ad. + γ nonad. ) are depicted in Figure 3 . As observed, the SBH case lead to a decoherence time that is roughly a factor 2 larger than the coherence time of the chain coupled to a 1D electron gas. However, for most of the k F d values, increasing the chain size (and thus, the relaxation times) does not lead to reduction of T 2 . The modulation of T 2 with k F d is very mild, compared to the case of T 1 , because the contribution of the spin-conserving forward scattering channel can not be eliminated. This can be seen in the inset of Figure 3 where the adiabatic and non-adiabatic contributions to the decoherence time are depicted for the N = 7 spin chain. As observed, the (momentum-independent) spin conserving contribution 1/γ ad. , see equation (8) and table 1, remains always finite and it dominates the decoherence for most of the k F d values.
Finally, we should notice that for both coupling to a 1D conductor or to a spin-momentum locked edge state, the relaxation and decoherence times can be substantially larger than for a normal three-dimensional metal with the same density of states at the Fermi energy and the same Kondo coupling [25] .
Discussion and conclusions
In this work we have explored a new route to boost the spin lifetimes of magnetic atoms on surfaces. To do so, we have taken advantage of the flexibility offered by spin chains by exploring the interference of the quasiparticle scattering at the different positions of the array, combined with the spin-momentum locking of the chiral edge states of a quantum spin Hall insulator.
In the case of atoms coupled to a normal conductor, spin lifetimes are mainly limited by the Kondo-induced spin-flip processes with quasiparticles at the Fermi surface of the conductor. Therefore, a clear way to increase the spin lifetimes is by reducing the number of scattering channels. This can be achieved for instance in a onedimensional conductor, where the only allowed processes are forward and backward scattering. Yet, the spin-momentum locking at the borders of a quantum spin Hall conductor offers an additional thrilling feature: the forward spin-flip channel and the backward spin-conserving channel are fully quenched.
Experimental realizations of magnetic chains placed on the edges of a spin Hall bar are still to be demonstrated. Yet, there are a few substrates candidates such as the monolayer crystals of WTe 2 [34] [35] [36] or atomically thin islands of Bi(111) [30, 31] . The advances in STM manipulation and probe together with the STM-induced electron spin resonance makes us think that such an experimental setups could be realized in the near future.
Even if these system can be realized experimentally, there may be some effects preventing the observation of these long relaxation and decoherence times. For instance, we have not explored the possible issues associated with beyondfirst neighbours interactions in the chain, and we overlooked the possible RKKY interaction [52] . In addition, we have neglected the role of electron-electron interactions in the SHB, that often has a strong influence in 1D systems.
One natural question that emerges when talking about magnetic atoms on surfaces is the role of magnetic anisotropy and the spin size. Most of the magnetic atoms used for assembly engineered spin structures do not behave as spin S = 1/2 systems and they suffer some magneto-crystalline anisotropy [2, [4] [5] [6] [7] [8] . Although results were not shown, we have analyzed the effects of magnetic anisotropy on S > 1/2 spin chains. We verified that for AFM spin chains that can be described as a two level system, large T 1 and T 2 times can still be reached by tuning k F d on a QSH, although results are not as prominent as those of the S = 1/2 Heisenberg chain.
To sum up, spin lifetimes of a S = 1/2 spin encoded on odd-numbered antiferromagnetic S = 1/2 Heisenberg chains are limited due to Kondo interaction with a substrate. We have shown that this unwanted effect can be dramatically reduced when the Kondo interaction occurs with conduction electrons in the spinlocked edge states of a quantum Spin Hall insulator. This enhancement of the spin lifetimes can be tuned by varying the product k F d of Fermi wavenumber k F and interspin distance d.We have shown that, for specific values of k F d, the spin-flip backward scattering is also suppressed. This behaviour is peculiar of the SHB edge states, and it stands on the locking of the spin and momentum degrees of freedom. Moreover, we demonstrated that although the resulting spin coherence time is limited by the unavoidable spin-conserving forward scattering, it can be still larger than the single spin decoherence time.
